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Abstract
Different methods of calculation of quantum corrections to the thermodynamical
characteristics of a black hole are discussed and compared. The relation between
on-shell and off-shell approaches is established. The off-shell methods are used
to explicitly demonstrate that the thermodynamical entropy STD of a black hole,
defined by the first thermodynamical law, differs from the statistical-mechanical
entropy SSM , determined as SSM = −Tr(ρˆH ln ρˆH) for the density matrix ρˆH of
a black hole. It is shown that the observable thermodynamical black hole entropy
can be presented in the form STD = pir¯2++S
SM −SSMRindler. Here r¯+ is the radius of
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statistical-mechanical entropy calculated in the Rindler space.
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1 Introduction
According to the thermodynamical analogy in black hole physics, the entropy of a black
hole in the Einstein theory of gravity is
SBH = AH/(4l2P), (1.1)
where AH is the area of a black hole surface and lP = (h¯G/c
3)1/2 is the Planck length
[1, 2, 3, 4]. In black hole physics the Bekenstein-Hawking entropy SBH plays basically
the same role as in the usual thermodynamics. It can be determined by the response of
the free energy of a system containing a black hole to the change of the temperature of
the system.
In the Euclidean approach [5, 6, 7, 8, 9] the free energy F is directly related to the
Euclidean action calculated for the regular Euclidean solution of the vacuum Einstein
equations (the Gibbons-Hawking instanton). According to the first law of thermodynam-
ics the thermodynamical entropy of a black hole STD is defined by the relation
dF = −STDdT , (1.2)
where T is the temperature of the system containing a black hole. The free energy F
besides the classical (tree-level) contribution includes quantum (one-loop) corrections.
For this reason the thermodynamical entropy in addition to the classical (tree-level) part
SBH acquires also a quantum correction STD1
STD = SBH + STD1 . (1.3)
To find STD one must compare two equilibrium configurations. That is why all the
calculations which are required to determine STD can be made by using the regular
Gibbons-Hawking instanton as the background metric. One usually refers to these type
of calculations as to the on-shell method.
The fundamental problem of black hole thermodynamics is its statistical-mechanical
foundation. The problem consists of the following three parts: (1) a definition of internal
degrees of freedom of a black hole; (2) the calculation of the statistical-mechanical entropy
SSM of a black hole SSM = −Tr(ρˆH ln ρˆH) by counting the dynamical degrees of freedom
described by the black hole density matrix ρˆH ; and (3) the establishing the relation
between the statistical-mechanical SSM and the thermodynamical STD entropies.
One of the ideas which was proposed is to identify the internal degrees of freedom of
a black hole with its quantum excitations. This idea has different realizations (see e.g.
Ref.[10, 11] and references therein) and it has been widely discussed recently. There is
enormous number of papers, where the statistical-mechanical entropy has been calculated
for different black hole models. The main purpose of our paper is to establish the relation
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between the results of these calculations and the observable thermodynamical black hole
entropy STD.
It should be stressed that the problem of relations between STD and SSM is very
nontrivial for black holes. The quantities STD and SSM are equal for the usual thermo-
dynamical systems. Black holes possess a property which singles them out of the other
thermodynamical systems. Namely, in a state of thermal equilibrium a mass m of a black
hole is a universal function of a temperature T . But the mass uniquely determines the
geometry of a black hole, and hence the internal parameters of the Hamiltonian describing
its quantum excitations. This property has two important consequences: (i) STD and SSM
do not coincide for a black hole [12]; (ii) Calculation of SSM and its comparison with STD
require off-shell methods. The latter means that one needs to consider the temperature T
and the mass of a black hole m as independent parameters. The problem which arises is
that when T 6= TBH ≡ (8πm)−1 there is no regular complete vacuum Euclidean solutions.
For this reason it is necessary either to consider the background metric which is not a
solution of the vacuum gravitational equations, or to exclude some region of spacetime
near the horizon and to make a solution incomplete. In both cases the calculation of
the free energy meets problems. Moreover the result may depend on the chosen concrete
off-shell procedure[13].
In this paper we obtain the relation between different definitions of the black hole
entropy. We also discuss and compare different off-shell methods (brick wall, conical sin-
gularity, blunt cone, and volume cut-off), and their relations to the on-shell approach.
We illustrate these relations for a simplified two-dimensional model, where all the calcu-
lations can be performed exactly. It is explicitly demonstrated that the thermodynamical
entropy STD of a black hole, differs from the statistical-mechanical entropy SSM . One of
the main results is the observation that the one-loop contribution STD1 of a quantum field
to the thermodynamical entropy can be presented in the form
STD1 = S
SM − SSMRindler +∆S . (1.4)
Here SSMRindler is the statistical-mechanical entropy calculated in the Rindler space, and ∆S
is an additional finite correction caused by the shift of the black hole horizon because of
quantum effects. The entropy calculated using the brick-wall and volume cut-off methods
is directly related with SSM . This quantity is divergent (in 2D case) as ln ǫ, where ǫ is
the proper distance to the horizon. On the other hand, the entropy calculated using the
conical singularity and blunt cone methods coincides with the difference SSM − SSMRindler.
It is finite because logarithmical divergence in SSM is exactly canceled by the divergence
of the Rindler entropy SSMRindler.
It is well known that one-loop effective action which defines the free energy contains
local ultraviolet divergences. In order to work with well defined finite quantities it is
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necessary to renormalize it. Usually one assumes that the bare classical action contains
the same local structures, that arise in the one-loop calculations. In the procedure of the
renormalization one excludes the local one-loop divergences by a simple redefinition of
coupling constants of the classical action. In our approach we assume that this renormal-
ization procedure has been done from the very beginning. We use renormalized observable
quantities as parameters of on-shell solutions. In this case the renormalized one-loop ef-
fective action is finite (at least on shell). Quantum effects which change this solution
can be considered as small perturbations for black holes with mass much larger than the
Planckian mass. This also allows us to restrict ourselves by considering only those off-shell
solutions which are close to the renormalized on-shell one[17]. As a result of our analysis
we find out that all thermodynamical characteristics of a black hole expressed in terms
of observable parameters are finite and their definition does not require the knowledge of
physics at Planckian scales.
The paper is organized as follows. In Section 2 we remind the main features of the
Euclidean approach and give the general definition of the thermodynamical entropy which
is used throughout this paper. The description of a two-dimensional model is given
in the Section 3. This Section also contains the derivation of the on-shell free energy
and the thermodynamical entropy for this model. The general scheme of the off-shell
methods is discussed in Section 4. The off-shell effective action, free energy, and statistical-
mechanical entropy are exactly calculated for four the most common off-shell approaches:
brick wall (Section 5), conical singularity (Section 6), blunt cone (Section 7), and volume
cut-off (Section 8) methods. Section 9 includes the comparison of the off-shell expressions
for free energy and entropy, as well as the relation between statistical-mechanical and
thermodynamical entropies of a black hole. Section 10 contains concluding remarks.
Important results concerning conformal transformations of the effective action in the
presence of conical singularities, derivation of the effective action on a cylinder and the
role of the vacuum polarization effect in the brick wall model, which are used in the main
text, are collected in the Appendices.
2 Euclidean Approach and Thermodynamical Entropy
The starting point of the Euclidean approach to the black hole thermodynamics is the
partition function Z(β) and the effective action W (β) which for a canonical ensemble in
the presence of black holes are defined by the path integral
e−W (β) = Z(β) =
∫
[Dφ]e−I[φ]. (2.1)
Here I[φ] is the Euclidean classical action and all the physical variables φ, including the
gravitational field gµν , are assumed to be periodic or antiperiodic, depending on their
4
statistics, in the Euclidean time τ with the period β∞. As usual, the class of metrics
involved in (2.1) is supposed to be asymptotically flat . The parameter β∞ has the
meaning of the inverse temperature measured at the spatial infinity. It is also assumed
that the integration measure [Dφ] is defined as the covariant measure.
The standard way to calculate W is to use quasiclassical approximation. Thus, if φ0
is a stationary point of I[φ]
δI
δφ
∣∣∣∣∣
φ=φ0
= 0 , (2.2)
then one has the decomposition
I[φ0 + φ˜] = I[φ0] + I2[φ˜] + . . . , (2.3)
where I2 is a quadratic in fluctuations φ˜ part of the linearized action and the dots in the
right-hand side denote the terms of the higher order in φ˜. Using this relation one gets
Z(β) = e−I[φ0]
∫
[Dφ˜]e−I2[φ˜] ≡ e−I[φ0]Z1(β) . (2.4)
The result of the Gaussian integration over φ˜ in (2.4) can be expressed in terms of the
determinants of the corresponding wave operators Dj for the different spins j
Z1(β) ≡ Z1[φ0(β)] =
∏
j
{det[−µ2Dj(φ0)]}∓ 12 . (2.5)
Operators Dj are determined by the quadratic part I2 =
1
2
∫
dx
√
gφ˜D0φ˜ of the action
and their explicit form depends on the spin j. For instance, for the conformally invariant
massless scalar field in d dimensional space D0 = △ − (d − 2)(4(d − 1))−1R, where
△ = ∇µ∇µ is the Laplace operator and R is the scalar curvature. A constant µ2 in (2.5)
is an arbitrary renormalization parameter with the dimension of the length. It does not
depend on the field configuration φ. Equation (2.5) enables one to represent the effective
action in the one-loop approximation as the sum
W (β) = I[φ0(β)]− lnZ1(β) ≡ I[φ0(β)] +W1[φ0(β)]. (2.6)
The one-loop contribution[20]W1[φ0] to the effective action is ultraviolet divergent and, as
usual, the classical action I is assumed to be chosen in such a way that the corresponding
local divergences ofW1 can be removed by simple redefinition of the coupling constants in
I. From now on we suppose that it has been done and that the classical action is written
in terms of renormalized coefficients, φ0 is its extremum, and W1 is the renormalized
one-loop action[21]. The ambiguity in the choice of the parameter µ in (2.5) corresponds
to a freedom in the choice of finite counterterms which can be added to the action after
renormalization.
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To apply this general scheme to a black hole we assume that it is non-rotating, un-
charged, and that there is no spontaneous symmetry breaking, so that average values of
all fields except the gravitational one vanish. Also it is worth taking the renormalized
cosmological constant to be zero to provide an asymptotically flat black hole solution
g0 of the (vacuum) gravitational equations. The solution represents a Gibbons-Hawking
instanton which is regular at the Euclidean horizon. For the Einstein theory such an
instanton is described by the Schwarzschild metric and depends only on one constant –
mass m of a black hole. The condition of regularity of this metric at the horizon implies
that β∞ = βH = 8πm.
When considering quantum corrections it is worth keeping in mind that a system for
a chosen boundary conditions (periodicity in τ) necessarily consists of a black hole in
thermal equilibrium with a surrounding thermal radiation which also contributes into
observable thermodynamical quantities. This contribution is infinite for the thermal bath
of the infinite size. Moreover, an equilibrium of a black hole with an infinite bath is
unstable. For this reason it is important from the very beginning to consider a black hole
surrounded by a boundary surface B of a finite size [7, 8, 9]. We assume this surface cannot
be penetrated by fields. This is provided by the corresponding boundary conditions on
it. For simplicity B is assumed to be spherical of a radius rB and a hole to be located in
the center. For the Schwarzschild black hole thermal stability is guaranteed if rB < 3m.
Finally, in such a formulation of the problem the parameter β is the inverse temperature
measured on B. Further we suppose that all the necessary requirements of this kind are
satisfied and we omit their discussion.
Eq.(2.6) contains the renormalized effective action W calculated on a particular clas-
sical solution. This renormalized action itself is defined as a functional
W [φ] = I[φ] +W1[φ] (2.7)
for an arbitrary field φ with appropriately chosen boundary conditions. The extremum φ¯
of this functional
δW
δφ
∣∣∣∣∣
φ=φ¯
= 0 (2.8)
describes a modified field configuration which differs from a classical solution by quantum
corrections: φ¯ = φ0 + h¯φ1. The important observation is that, if one is interested in the
one-loop effects, the difference between the values of W on φ0 and φ¯ turns out to be of
the second order in the Planck constant h¯
W (β) =W [φ0(β)] = W [φ¯(β)] +O(h¯
2) . (2.9)
This follows from (2.8), provided the quantum corrected and classical solutions obey the
same boundary conditions.
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The thermodynamical entropy of a black hole STD is defined by the response of the
free energy F (β) = β−1W (β) to the change of the inverse temperature β for fixed rb.
STD(β) = β2
dF (β)
dβ
=
(
β
d
dβ
− 1
)
W (β) . (2.10)
We remind that the renormalized effective action W (β) is calculated on-shell, that is for
β∞ = 8πm. The thermodynamical entropy S
TD can be written as
STD = STD0 + S
TD
1 . (2.11)
It can be shown [7, 9] that
STD0 =
(
β
d
dβ
− 1
)
I[φ0(β)] , (2.12)
coincides with the Bekenstein-Hawking entropy SBH given by Eq.(1.1), while
STD1 (β) =
(
β
d
dβ
− 1
)
W1[φ0(β)] (2.13)
describes the quantum correction to it. This correction contains also the entropy of the
thermal radiation outside the black hole as its part. By its construction the thermody-
namical entropy STD is well defined and finite. All the calculations required to obtain
this quantity can be performed on-shell, that is on a regular complete vacuum Euclidean
solution of the gravitational equations. The parameters of this solution are expressed only
in terms of the renormalized coupling constants.
3 Description of the Model. On-Shell Results
In four dimensions the calculation of STD1 is a quite complicated problem. To discuss
the properties of STD1 and its relation to S
SM it is instructive to consider a simplified
two-dimensional model where the calculations can be done explicitly. Certainly, the ex-
plicit forms of these quantities in two and in four dimensions are different. Nevertheless,
the study of 2-D model allows us to make definite conclusions concerning the physically
interesting case of a four-dimensional spacetime. To preserve the maximal similarity with
the four-dimensional case we consider a 2-D dilaton gravity described by the following
action
I = −1
4
∫
M2
(r2R + 2(∇r)2 + 2)√γd2x− 1
2
∫
∂M2
r2(k − k0)dy + 1
2
∫ √
γϕ,µϕ
,µ. (3.1)
The 2-D metric γ, dilaton field r, and a scalar field ϕ are dynamical variables of the
problem. We denote by R the curvature of γ, and by k the extrinsic curvature of ∂M2.
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Figure 1: Embedding diagram for a two-dimensional Gibbons-Hawking instanton. Regu-
larity condition at the Euclidean horizon r = r+ requires β∞ = βH ≡ 8πm.
This model is similar to the one which has been extensively studied[22] as an example
of a renormalizable exactly solvable theory of two-dimensional dilaton gravity coupled to
matter. In the absence of the scalar field ϕ this action can be obtained from the 4-D
Euclidean Einstein action
I(4) = − 1
16π
∫
M4
R(4)
√
gd4x− 1
8π
∫
∂M4
(K(4) −K(4)0 )
√
hd3x, (3.2)
by its reduction to the spherically symmetric metrics of the form
ds2 = γabdx
adxb + r2dω2. (3.3)
Here γab is a 2-D metric, r is a scalar function on the two-dimensional manifold, and
dω2 is the line element on the unit sphere. K
(4)
0 is the standard subtraction term, and
k0 = K
(4)
0 .
Since the 2-D action I is related with 4-D action I(4) by the reduction procedure, the
pair of fields (γ0, ϕ0), where ϕ0 = 0 and γ0 is a 2-D Schwarzschild metric
ds2 = fdτ 2 + f−1dr2, f = 1− r+/r, (3.4)
is evidently the extremum of the functional I. The regularity condition at r = r+ requires
τ to be periodic with the period βH = 4πr+. The Gibbons-Hawking instanton, i.e. the
regular complete Euclidean manifold with the metric (3.4), is shown in Fig.1.
Consider a regionMB of the Gibbons-Hawking instanton within the external boundary
ΣB at r = rB (see Fig.2). If the boundary conditions are fixed on the surface ΣB, and β
is the proper length of the line r = rB, then the classical Euclidean action calculated for
the region MB and expressed in terms of the boundary conditions (β, rB) is
I(β, rB) = I[γ0, ϕ0] = 3πr
2
+ − 4πr+rB + βrB , (3.5)
where r+ is defined by the equation
β = 4πr+(1− r+/rB)1/2 , (3.6)
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Figure 2: A region MB of the Gibbons-Hawking instanton with the external boundary
ΣB at r = rB. This region is conformal to the 2-D flat unit disk D
2.
and β is the inverse temperature at r = rB. In the limit rB → ∞, when β = 4πr+, the
classical action takes the simple form
I(β) =
1
16π
β2. (3.7)
In accordance with the general discussion of Section 2, the one-loop contribution to
the effective action is
W1(β) =
1
2
ln det(−µ2∆). (3.8)
Here the renormalized determinant is taken for the region MB of the 2-D instanton (3.4).
To make discussion more concrete we assume that the field ϕ obeys the Dirichlet boundary
condition at the mirror-like boundary ΣB surrounding the black hole. The divergent part
which has been removed from the action is
W div1 [MB] = −
1
8πδ
∫
MB
√
γd2x+
ln δ
12
χ[MB ] , (3.9)
χ[MB] =
1
4π
(∫
MB
Rd2x+ 2
∫
ΣB
kdy
)
, (3.10)
where δ is the parameter of the ultraviolet regularization and χ[MB ] is the Euler charac-
teristics of the Gibbons-Hawking instantonMB, which is the same as for a disk χ[MB] = 1.
To remove the volume divergence ∼ ∫MB one must to introduce in the bare classical ac-
tion a cosmological constant λ, which we put after renormalization to be −1/2, see (3.1).
Removing of the other divergence in (3.9) requires introduction of the additional term in
(3.1), but because it is just a topological invariant it can be neglected.
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Using the conformal transformation the one-loop effective action W1(β) can be found
explicitly. Note that metric (3.4) can be represented in the form
ds2 =
(
1− r+
r
)
dτ 2 +
(
1− r+
r
)−1
dr2 = e2σds˜2, (3.11)
ds˜2 = µ2
(
x2dτ˜ 2 + dx2
)
. (3.12)
Here
τ˜ =
τ
2r+
, 0 ≤ τ˜ ≤ 2π , x =
(
r − r+
rB − r+
) 1
2
e
r−rB
2r+ , 0 ≤ x ≤ 1 , (3.13)
and the conformal factor σ is defined as
σ(r) =
1
2
[
ln
(
rB − r+
r
)
+
rB − r
r+
+ 2 ln
(
2r+
µ
)]
. (3.14)
In order to preserve the dimensionality we introduce the parameter µ with the dimension
of length into the flat space metric (3.12). The above conformal transformation
γµν → γ˜µν = e−2σγµν (3.15)
is a map of the region MB onto the flat 2-D disk D
2 of the unit radius (measured in units
of µ), see Fig.2. It will be shown that the physical results do not depend on the particular
choice of µ[23].
For a conformal field the transformation law of W1 under this map can be obtained
by an integration of a conformal anomaly. The corresponding formulas are collected in
the Appendix A. Denote by C the renormalized one-loop effective action for the unit disk
D2, Eq.(3.12), then using the relation (A.9) we get
W1(β, rB) = W˜1(β, y(β, rB)), (3.16)
where y = r+/rB and
W˜1(β, y) =
1
48
[
−2
y
+ 2 ln y + 17− 2y − 13y2
]
− 1
6
ln
β
2πµ
+ C . (3.17)
The relations (3.16) and (3.17) require some explanations. First of all, the one-loop
effective actionW1(β, rB) besides the inverse temperature β at the boundary also depends
on its ’radius’ rB. For given β and rB the gravitational radius r+ is defined by the relation
(3.6). To simplify the expressions we use the dimensionless variable y = r+/rB instead of
rB. The relation (3.6) implies that this dimensional variable y is the function of β and rB
defined by the following implicit relation
y(1− y)1/2 = β
4πrB
. (3.18)
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The one-loop contributions to the free energy F1 and to the thermodynamical entropy
STD1 are defined by the formulas
F1(β, rB) = β
−1W1(β, rB), S
TD
1 = β
∂W1(β, rB)
∂β
∣∣∣∣∣
rB
−W1(β, rB) . (3.19)
The derivative of W1 can be expressed in terms of the partial derivatives of W˜1
∂W1(β, rB)
∂β
∣∣∣∣∣
rB
=
∂W˜1(β, y)
∂β
∣∣∣∣∣
y
+
∂W˜1(β, y)
∂y
∣∣∣∣∣
β
∂y
∂β
∣∣∣∣∣
rB
, (3.20)
where
∂y
∂β
∣∣∣∣∣
rB
=
2y(1− y)
β(2− 3y) . (3.21)
The latter equality results from Eq.(3.18). Using the relations (3.19)-(3.21) we finally
obtain
STD1 (y, β) =
1
48(2− 3y)
[
8
y
− 13y − 28y2 + 13y3
]
− 1
24
ln y+
1
6
ln
β
2πµ
−17
48
−C .(3.22)
This quantity is finite. The dimensionless constant C does not depend on the parameters
of the system and reflects the ambiguity in the definition of the entropy. For further
consideration this ambiguity is not important, so that this and other similar constants
can be omitted. For a large value of the radius rB of the boundary (rB ≫ r+ or y ≪ 1)
the leading term in STD1 is
π
3
rBβ
−1. This leading term coincides with the entropy of the
one-dimensional thermal gas of massless scalar quanta. It should be noted that we always
consider the case when rB < 3/2r+, so that the limit discussed above has only formal
meaning. The quantity STD1 is infinite when rB =
3
2
r+. This singularity also results in the
infinite heat capacity at y = 3/2. One can expect the same behavior of these quantities
in four-dimensional case.
4 Off-Shell Methods
In the above consideration we used the relation (3.6) which can be rewritten as β∞ = βH ,
where β∞ = β(1 − r+/rB)−1/2 denotes the inverse temperature on the boundary ΣB as
seen from infinity, and (1 − r+/rB)1/2 is the red-shift factor. βH is the inverse Hawking
temperature (also measured at infinity). The relation β∞ = βH has evident meaning of
the equilibrium condition between the thermal radiation and the black hole and it is this
relation which is assumed when we are speaking about the on-shell quantities.
In the next sections we consider different off-shell approaches in which the condi-
tion β∞ = βH is violated for the background geometries. The one-loop contribution
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to the effective action in these cases is the function of the three variables β, rB, r+:
W •1 (β, rB, r+, . . .). We use the superscript • to indicate that this quantity depends
on the chosen off-shell procedure. The dots . . . in the argument of W •1 indicate that it
may also depend on some additional parameters, which are different for different off-shell
procedures. These parameters are not important now and will be specified later.
In the general case the off-shell entropy is defined by the response of the off-shell free
energy F • = β−1W • on the change of the temperature, under the condition that the
other parameters which specify the system (rB) as well as the black hole (r+) are fixed.
According to this definition the one-loop off-shell entropy is
S •1 = β
∂W •1
∂β
∣∣∣∣∣
rB ,r+,...
−W •1 . (4.1)
It is assumed that the on-shell limit in (4.1) is taken at the end of the computation. This
means that r+ which enters S
•
1 is put equal to its on-shell value, determined by solving
the corresponding gravitational equations.
It occurs that the explicit formulas for W •1 and S
•
1 are greatly simplified if instead of
rB and r+ the following dimensionless variables are used
y = y(rB, r+) =
r+
rB
, α = α(β, rB, r+) =
β∞
βH
=
β
4πr+
√
1− r+
rB
. (4.2)
The variable α is the off-shell parameter so that the condition that a system is on-shell
reads α = 1. The parameter y is the ratio of the values of the dilaton field on the external
boundary ΣB and on the horizon. We shall use the notation
W1(β, rB, r+, . . .) = W˜1(β, α(β, rB, r+), y(r+, rB), . . .). (4.3)
For fixed values of r+ and rB the quantity y = r+/rB is also fixed, while Eq.(4.2) implies
that α is proportional to β. Thus one has
S •1 = β
∂W˜ •1 (β, α, y, . . .)
∂β
∣∣∣∣∣
α,y,...
+ α
∂W˜ •1 (β, α, y, . . .)
∂α
∣∣∣∣∣
β,y,...
−W •1 . (4.4)
As earlier, it is assumed that after the calculations one must put α = 1 in the right-hand-
side of this relation. Then the corresponding on-shell value of S •1 depends only on the
boundary conditions β and rB. After these general remarks consider concrete off-shell
methods.
5 Brick wall model
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5.1 Effective action
As the first example of the off-shell procedure we consider the so called brick-wall model,
proposed by t’Hooft [24] and discussed later in many subsequent papers[25, 18, 26, 27,
28, 30, 19]. The basic idea of this method is to introduce at some small proper distance ǫ
from the black hole horizon an additional mirror-like boundary Σǫ. Denote by MB,ǫ the
region located between ΣB and Σǫ (see Fig.3). To be more specific, assume, following to
’t Hooft, that the field ϕ obeys the Dirichlet condition on both boundaries ΣB and Σǫ.
The starting point of the brick-wall model is the partition function ZBW1 (β) of massless
scalar field in the region MB,ǫ near the Schwarzschild black hole of the mass m
lnZBW1 (β) = −
1
2
ln det(−µ2△) . (5.1)
Here β is the inverse temperature measured at ΣB, ” ln det ” is understood as renormal-
ized quantity, and △ is the Laplace operator for the scalar field in the region MB,ǫ with
the Dirichlet boundary conditions. Because of the presence of the inner boundary Σǫ the
region near the black hole horizon where the thermal gas cannot penetrate is completely
excluded. For this reason the system is non-singular for any relation between the pa-
rameters β and m, and the brick-wall model can be used for an off-shell extension. To
distinguish the quantities calculated in this off-shell procedure we use the abbreviation
BW as the superscript. The corresponding partition function ZBW1 and action W
BW
1
depend, in addition to β and rB, on ǫ and the value r+ of the dilaton field on the horizon.
Our purpose now is to find WBW1 (β, rB, r+, ǫ).
Obviously, this problem can be reduced to the calculation of the effective action for
some ’standard’ 2-D flat region. We choose a cylinder as such a region (see Fig.3).
It is convenient to make the conformal transformation into two steps.
First, use the map (3.15) with σ given by Eq.(3.14). Under this transformation the
metric takes the form
ds˜2 = µ2(x2dτ˜ 2 + dx2) , 0 ≤ τ˜ ≤ 2πα , ǫx ≤ x ≤ 1. (5.2)
The embedding diagram for this space is shown in Fig.3. It is a part Kα,ǫx of the cone
Cα between the surfaces ΣB located at x = 1 and Σǫ at ǫx. The value of x = ǫx is related
with the proper distance ǫ as
ǫx = ǫ
2πα
β
√
y exp
y − 1
2y
. (5.3)
where the parameters y and α are defined in Eq.(4.2).
Second, map Kα,ǫx onto a cylinder Qα,ǫz with the metric µ
2(dτ˜ 2 + dz2)
ds˜2 = µ2(x2dτ˜ 2 + dx2) = x2[µ2(dτ˜ 2 + dz2)] , z = ln x , (5.4)
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Figure 3: Conformal maps of the region MB,ǫ of the Gibbons-Hawking instanton onto
the part Kα,ǫx of the cone Cα, and of the region Kα,ǫx onto the cylinder Qα,ǫz . ǫ is the
proper distance of the inner boundary Σǫ of MB,ǫ to the horizon. The parameter ǫx is the
distance from ΣB to the vertex of the cone along the cone generator, and ǫz is the length
of the cylinder generator (both measured in the units of µ). The circumference length of
the cylinder, as well as the circumference length of of the external boundary ΣB of the
cone, (measured in units µ) is 2πα.
The cylinder has the circumference length 2πα and the length of its generator is ǫz =
− ln ǫx (in the µ units) (see Fig.3).
Thus, the effective action WBW1 (β, rB, r+, ǫ) can be obtained by conformal transfor-
mation, provided one knows the action W1[Qα,ǫz ] for the ’standard’ cylinder Qα,ǫz . It can
be shown (see Appendix B) that
W1[Qα,ǫz ] = − ln Tr e−2παµHˆ , (5.5)
where Hˆ is the Hamiltonian for the scalar massless field on the interval (0, µǫz) with
the Dirichlet boundary conditions at the ends. Using this fact we get for ǫz ≫ 1 (see
Appendix B)
W1[Qα,ǫz ] = −
1
12α
ǫz − 1
2
ln
πα
ǫz
+ o
(
1
ǫz
)
. (5.6)
The scale parameter µ disappears from this expression because of the scale invariance of
the action on the cylinder. The effective action W1[Kα,ǫx ] for the region Kα,ǫx obtained
from W1[Qα,ǫz ] by conformal transformation has the form
W1[Kα,ǫx] =W1[Qα,ǫz ]−
α
12
ǫz (5.7)
while the transformation (3.15) gives
W1[MB,ǫ] =W1[Kα,ǫx] + αf(y) , (5.8)
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f(y) = − 1
48
(
−2
y
+ 2 ln y + 2y + 13y2 − 13
)
. (5.9)
The final result is obtained by using the formulas (5.6)-(5.8). The effective action
WBW1 (β, rB, r+, ǫ) written as the function of (β, α, y, ǫ) is
WBW1 (β, rB, r+, ǫ) = W˜
BW
1 (β, α(β, rB, r+), y(rB, r+), ǫ) , (5.10)
W˜BW1 (β, α, y, ǫ) =
1
12
(
α +
1
α
)
ln
2παǫ
β
− 1
2
ln
πα
ln (β/2παǫ)
(5.11)
+
α
48
(
15− 2y − 13y2
)
+
1
24α
(
1− 1
y
+ ln y
)
+ o(ln−1(β/ǫ)) .
For α = 1, i.e. on-shell this action can be represented as the sum
W˜BW1 (β, α = 1, y, ǫ) = W˜1(β, y) +
1
6
ln ǫ− 1
2
ln
π
ln (β/2πǫ)
+ o(ln−1(β/ǫ)) (5.12)
of the thermodynamical action W˜1(β, y) for the region MB given by Eq. (3.17) and an
additional term which arises because of the presence of the wall. The latter diverges
logarithmically in the limit ǫ→ 0 [29].
5.2 Entropy
The entropy SBW1 for the brick wall model is defined by Eq. (4.1) using W
BW
1 . Written
in terms of (β, α, y, ǫ) it reads
SBW1 (β, α, y, ǫ) =
1
12α
(
2 ln
β
2παǫ
− ln y + 1
y
− 1
)
(5.13)
+
1
2
ln
πα
ln (β/2παǫ)
+ o(ln−1(β/ǫ)) .
The on-shell value of SBW1 is obtained if one puts α = 1 in this expression.
Note that the renormalization parameter µ does not enter Eqs.(5.11) and (5.13), so
that neither brick-wall action WBW1 nor the entropy S
BW
1 depends on it. It happens be-
cause under a constant conformal transformation the effective action acquires an addition
proportional to the Euler characteristic of the manifold. But the topology of MB,ǫ is the
topology of a cylinder and its Euler number is zero. Thus the effective action is invariant
under the constant rescaling, and it does not depend on µ. On the other hand, the Euler
characteristic of the complete regular instanton is the same as that of the disk D2, and
it does not vanish. As the result the integral of the anomaly also does not vanish, and
15
µ appears in the thermodynamical action and entropy as a parameter of the dimensional
transmutation.
We show now that the brick wall entropy (5.13) coincides with the statistical mechan-
ical entropy and can be represented in the form
SBW1 (β, α, y, ǫ) = −Tr
(
ρˆHǫ (β) ln ρˆ
H
ǫ (β)
)
. (5.14)
Here ρˆHǫ (β) is the thermal density matrix for the massless gas in the region MB,ǫ near the
black hole, β being the inverse temperature measured at ΣB. In the t’Hooft’s brick wall
model this thermal gas is identified with internal degrees of freedom of the black hole.
To prove Eq.(5.14) we obtain at first expression (5.13) for SBW1 in a slightly different
way. Eqs.(5.7) and (5.8) show that
WBW1 (β, rB, r+, ǫ) = αf(y)−
αǫz
12
+W1[Qα,ǫz ] . (5.15)
To get SBW1 we keep the variables rB, r+, and ǫ fixed. Under these conditions y does not
depend on β, while α is proportional to β. As the result, the first two terms in Eq.(5.15)
do not contribute into SBW1 , so that
SBW1 =
(
α
∂
∂α
− 1
)
W1[Qα,ǫz ] =
1
6α
ǫz +
1
2
ln
πα
ǫz
+ o(ǫ−1z ) . (5.16)
It can be easily verified that this expression coincides with Eq.(5.13). Note thatW1[Qα,ǫz ]
is given by (5.5). The quantity
(
1− β ∂
∂β
)
ln Tr e−βHˆL can be identically rewritten as
−Tr(ρˆL(β) ln ρˆL(β)), where HˆL is the Hamiltonian on the interval of the length L, and
ρˆL(β) = ρ0e
−βHˆL . Using this relation we can present (5.16) in the form
SBW1 = −Tr(ρˆµǫz(2πµα) ln ρˆµǫz(2πµα)) . (5.17)
This relation explicitly demonstrates that SBW1 is the entropy of the one-dimensional
thermal gas on the interval µǫz and with the temperature (2πµα)
−1. (The parameter µ
is absent in (5.16) for the reason explained above.)
This result can be used to prove the formula (5.14) because the density matrix
ρˆµǫz(2πµα) coincides with the black hole density matrix ρˆ
H
ǫ (β). Indeed, we used con-
formal transformations which preserve the symmetry (a Killing vector) and do not affect
the boundary conditions. Under these conditions the Hamiltonian of the conformal mass-
less field is invariant, so that the density matrix is also invariant. Note however, that
scales we used to define the temperature and distance may change. In order to define
energy, temperature, etc., we must fix the normalization of the Killing vector. For the
problem in question we chose the condition (ξ2)B = 1 at the external boundary ΣB .
If the conformal factor σ does not vanish on the boundary (σB 6= 0), one must rescale
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ξµ → ξ˜µ = exp(−σB)ξµ to get ξ˜2 = 1 at the boundary after the conformal transformation.
We have
e−βHˆL = e−β˜
ˆ˜H
L˜ , (5.18)
where β˜ = exp(−σB)β, ˆ˜H = exp(σB)Hˆ , and L˜ is the proper length of the interval in the
conformally related metric γ˜µν = e
−2σγµν .
In particular for the conformal map (3.11), (3.14) which we used as the first step,
Eq.(5.18) implies
ρˆHǫ (β) = ρˆ
R
µǫx(2πµα) . (5.19)
Here ρˆH is the original black-hole density matrix, and ρˆR is a thermal density matrix in
a Rindler space with the metric
ds˜2 = µ2[x2dτ˜ 2 + dx2] =
(
X
µ
)2
dT 2 + dX2. (5.20)
The inverse temperature 2πµα in the Rindler space is measured at the point of the
boundary X = µ, where the gTT = 1. The parameter µǫx is the proper distance from the
inner boundary to the horizon, measured in the Rindler metric. Note, that the proper
distance is not conformal invariant. Finally, by mapping Rindler space onto the flat one
(the corresponding transformation of the effective action from Kα,ǫx to Qα,ǫz is given by
(5.4)), one receives the identity
ρˆRµǫx(2πµα) = ρˆµǫz(2πµα) (5.21)
between the Rindler density matrix and that on the interval. The statistical-mechanical
formula (5.14) for SBW1 follows from the identities (5.17), (5.19) and (5.21).
6 Conical singularity method
Instead of excluding the ǫ-domain near the horizon, one can work directly on the complete
black hole geometry. However, if β∞ differs from the Hawking value βH , the spacetime
is not anymore regular because of the presence of the conical singularity with the angle
deficit 2π(1 − α) at the horizon r = r+ (fixed point of the Killing vector). Such a space
has the δ-like curvature located on the cone vertex. For this reason it is not a solution of
the vacuum Einstein equations. We call such a space a singular instanton and denote it
MαB, see Fig.4.
It is possible to develop the one-loop calculations working directly on the manifolds
with this kind of singularities. We refer to the corresponding approach as to the conical
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Figure 4: Conformal map of a singular instanton Mαβ onto the standard cone Cα.
singularity method [18, 31, 32, 33, 35, 36, 37, 38, 39, 40]. The difference between it and
quantum theory on the regular spaces is in the structure of the ultraviolet divergences
[41, 33, 42]. Conical singularities result in appearing in the effective action of additional
divergent terms concentrated on the horizon surface and their renormalization requires
new counterterms. The important property however is that these counterterms turn out
to be of the order (β∞ − βH)2 ∼ (1− α)2 and hence when taken on-shell they contribute
neither to the entropy, nor to the free energy of the black hole [32, 34, 19, 37].
In two dimensions, as follows from Eqs.(A.2),(A.3), the divergent part of the action
on the singular instanton MαB can be represented as
W div1 [M
α
B] = −
1
8πδ
∫
Mα
B
√
γd2x+
ln δ
12
(
χ[MαB] +
1
2α
(1− α)2
)
, (6.1)
χ[MαB] =
1
4π
(∫
Mα
B
Rd2x+ 2
∫
ΣB
kdy + 4π(1− α)
)
, (6.2)
where, as in (3.9), δ is the ultraviolet cut-off parameter, R is the regular curvature.
The quantity χ[MαB] is the Euler characteristic of M
α
B and it is identical to that of the
Gibbons-Hawking instanton[43]: χ[MαB ] = χ[MB] = 1. Thus, up to the terms (1 − α)2
the divergences on a regular instanton and on a singular one coincide (compare (3.9) and
(6.1)) and the difference between them, being taken on-shell, does not affect the entropy.
As earlier we assume that the renormalization has been already done and further we use
only renormalized quantities.
Let us calculate the off-shell effective action WCS1 and entropy S
CS
1 by the conical
singularity method.
As earlier β is the inverse temperature on ΣB and α = β∞/βH is the off-shell parameter.
We again use the conformal transformation (3.11), but now it maps a singular instanton
onto the standard cone Cα with the unit (in the units of µ) length of the generator
ds˜2 = µ2(x2dτ˜ 2 + dx2) , 0 ≤ x ≤ 1 , 0 ≤ τ ≤ 2πα . (6.3)
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Eqs.(3.11), (3.14) and (A.9) enable one to relate the effective action WCS1 to the action
on Cα. Written as earlier in terms of variables (β, α, y) this action takes the form
WCS1 (β, rB, r+) = W˜
CS
1 (β, α(β, rB, r+), y(rB, r+)) . (6.4)
W˜CS1 (β, α, y) = −
α
48
(
2y + 13y2 − 15 + 4 ln β
2πµα
)
(6.5)
− 1
24α
(
1
y
− 1− ln y + 2 ln β
2πµα
)
+ C(α) .
Here C(α) is the effective action for the unit cone which for α = 1 coincides with the
effective action on the unit disk D2 denoted earlier as C: C(α = 1) = C. The function
C(α) does not depend on µ and results in a numerical addition to the entropy. Its form
is not important for our consideration.
For the on-shell limit α = 1 the cone singularity disappears, so that one has
W˜CS1 (β, α = 1, y) = W˜1(y, β) , (6.6)
where W˜1(y, β) is the on-shell effective action given by Eq.(3.17)
The entropy SCS1 is defined from W˜
CS
1 (β, α, y) by the equation (4.4). The calculation
gives
SCS1 (β, α, y) =
1
12α
(
1
y
− 1− ln y + 2 ln β
2πµα
)
+ CCS(α) , (6.7)
where
CCS(α) = (α
∂
∂α
− 1)C(α) (6.8)
is an irrelevant constant at α = 1. Note that in the conical singularity approach both the
renormalized action WCS1 and the entropy S
CS
1 are finite quantities.
7 Blunt Cone Method
Consider as earlier the singular instantonMαB shown in Fig.4 and a set of regular manifolds
that modify its geometry in the narrow vicinity of the sharp cone vertex (see Fig 5).
The Riemann curvature for such geometries is regular everywhere and it differs from the
Riemann curvature on a singular instanton only near the horizon. We call this geometry
the ”blunt instanton” and refer to this off-shell extension[32, 43] as to the blunt cone
method. In this approach we can avoid the problems connected with the formulation of
the quantization and renormalization procedures on manifolds with infinite curvatures.
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Figure 5: Blunt instanton and its conformal transformation onto a unit disk D2
The regularization of the cone singularity is supposed to be removed at the very end of
calculations.
For simplicity of calculations we choose a special form of the off-shell extension charac-
terized by only two parameters: an off-shell parameter α = β∞/βH and a new parameter
η which describes the width of the rounded tip of the blunt instanton. We choose the
metric on a blunt instanton in the form
ds2 =
(
β
2π
)2 (
ρ2dτ 2 + b2dρ2
)
; 0 ≤ τ ≤ 2π, 0 ≤ ρ ≤ 1 ; (7.1)
b =
1
(1− ρ2 + yρ2)2
ρ2 + αη2
αρ2 + αη2
.
The boundary ΣB of the region under consideration is located at ρ = 1, and its length
is β. The parameter of the black hole mass enters, as earlier, through the dimensionless
quantity y = r+/rB. The parameters that uniquely fix a blunt instanton are β, rB, r+ and
η. For α = 1 the metric is identical to the metric of the Gibbons-Hawking instanton.
To calculate the renormalized one-loop effective action on the blunt instanton we map
the latter onto a unit disk D2. Consider at first an arbitrary static Euclidean 2-D manifold
with the line element ds2 that is conformally related to the unit disk with the element ds˜2
ds2 =
(
β
2π
)2
[a2dτ 2 + b2dρ2] = exp(2σ) µ2 [x2dτ˜ 2 + dx2] , (7.2)
where 0 ≤ τ ≤ 2π, 0 ≤ τ˜ ≤ 2π, 0 ≤ ρ ≤ 1, and 0 ≤ x ≤ 1. Then the metric coefficients
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a, b, and the conformal factor σ
σ(ρ) = ln
a(ρ)
a(1)
+
∫ 1
ρ
dρ
b
a
+ ln
(
β
2πµ
)
(7.3)
depend only on ρ. The normalization of σ is fixed by the requirements σ(1) = ln (β/2πµ)
and τ˜ = τ .
Integration of the conformal anomaly (see appendix A), when applied to the metric
(7.2) gives the one-loop effective action
WBC1 = −
1
6
ln
(
β
2πµ
)
− 1
12
∫ 1
0
dρ
(a′ − b)2
ab
−
(
a′
4 b
)
ρ=1
+
1
4
+ C . (7.4)
Here a′ = da/dρ and the constant C is as earlier the effective action for the unit disk D2.
To derive this formula the regularity condition (a′/b) |ρ=0= 1 of the metric at the horizon
has been used. For the metric (7.1) of the blunt instanton one has
a = ρ , b =
1
(1− ρ2 + yρ2)2
ρ2 + αη2
αρ2 + αη2
, (7.5)
σ = ln ρ+
1
2
∫ 1
ρ2
dz
z + αη2
z(αz + αη2)(1− z + yz)2 + ln
(
β
2πµ
)
,
and the blunt cone effective action WBC1 reads
WBC1 (β, rB, r+, η) = W˜
BC
1 (β, α(β, rB, r+), y(rB, r+), η) , (7.6)
W˜BC1 (β, α, y, η) = −
1
6
ln
[
β
2πµ
]
− (α− 1)
24 α
1
(1 + η2 − yη2)2 ln |
η2
1 + η2
|
+
α− 1
24
(1 + αη2 − yαη2)2 ln | αη
2
1 + αη2
|
+
1
24
ln | y |
{
1− α− 1
α
1
(1 + η2 − yη2)2
}
(7.7)
+
1
24
(1− y)
{
2α− 1 + αη
2 − yαη2
αy(1 + η2 − yη2)
}
− 1
48
α(1− y)2
{
1− 2(α− 1)η2
}
− 1
4
α + αη2
1 + αη2
y2 +
1
4
+ C .
The parameter η in the blunt-cone method plays the role similar to the cut-off parameter
ǫ in the brick-wall method. When the regularization parameter η tends to zero η → 0,
the action becomes
W˜BC1 (β, α, y, η) = −
1
6
ln
β
2πµ
+
1
48
[
− 2
αy
+
2
α
ln y − 2αy − 13αy2
+ 2(α− 1) lnα+ 2
α
+ 3α + 12
]
+ C (7.8)
+
1
24α
(α− 1)2 ln η2 +O(η2) .
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The metric (7.1) on-shell (α = 1) becomes the metric of the Gibbons-Hawking instanton
and the corresponding on-shell effective action reads
W˜BC1 (β, α = 1, y, η) = −
1
6
ln
β
2πµ
+
1
48
[
−2
y
+ 2 ln y − 2y − 13y2 + 17
]
+ C .(7.9)
It is identical to the on-shell action W˜1(β, y) given by expression (3.17). The corresponding
blunt-cone entropy remains finite in the limit η = 0 and reads
SBC1 (β, 1, y, 0) =
1
12 y
− 1
12
ln y +
1
6
ln
β
2πµ
− 1
2
− C . (7.10)
This result coincides (up to an unimportant constant) with the entropy SCS1 found by the
conical singularity method.
8 Method of the volume cut-off
Finally we discuss here one more method of the off-shell definition of the black hole
effective action W1. Note that W1 can be represented as the volume integral over the
background space of some Lagrange density L1(x)
W1 =
∫ √
gdxL(x) . (8.1)
The corresponding density L1(x) can be written in terms of the diagonal elements of the
heat kernel operator in the coordinate representation
L1(x) = −1
2
∫ ∞
0
ds
s
〈x|es△|x〉, (8.2)
so that for the action itself one has the standard formula
W1 =
1
2
ln det(−µ2△) = −1
2
∫ ∞
0
ds
s
Tr esµ
2△ . (8.3)
Consider now a singular instanton, and calculate L1(x) for its regular points r > r+.
Denote by Σǫ a surface located at a small proper distance ǫ from the horizon, and restrict
the integration in Eq.(8.3) by the region MB,ǫ located outside Σǫ, see Fig.6. As the result
the action W1 depends on a new parameter ǫ. We call this off-shell procedure the volume
cut-off method and denote the corresponding quantities with the superscript V C.
The volume (or spatial) cut-off method arises naturally in the dynamical-interior ap-
proach to the black-hole entropy, proposed in Ref.[44]. In this approach the internal
degrees of freedom of a black hole are identified with the states of fields propagating in its
interior in the close vicinity to the horizon. Because of the quantum fluctuations of the
horizon, the separation of the modes into external (propagating outside the horizon) and
internal (propagating inside the horizon) becomes impossible for modes located closer to
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the horizon than the amplitude of its quantum fluctuations. For this reason the summa-
tion of the modes which contribute to the statistical-mechanical entropy of a black hole in
the approach [44] is restricted only to the modes, which are located outside the fluctuation
region of the horizon. This is equivalent to the spatial cut-off in the volume integral for
the effective action described above. The volume cut-off procedure has been also used in
many other papers[45, 46, 47, 48, 49, 50, 51, 52]. In works[46, 48, 49, 50, 51, 52] the black
hole metric has been mapped onto an optical (ultrastatic) metric. The horizon then maps
to infinity and the proper volume of the optical space becomes infinite. In order to deal
with this divergence it is natural to restrict the volume integration by a finite region. This
approach enables one to get a number of interesting results for the entropy corrections
even for the massive fields in spaces with the dimension larger than two[50, 51] and for
conformal fields with non-zero spins[52].
Up to a certain extent the volume-cut-off method resembles the brick-wall approach.
However they are certainly different because the volume cut-off method does not require
any special boundary conditions on Σǫ. It is also non-sensitive to the behavior of the
quantum field in the region lying closer than Σǫ to the horizon.
The calculation of the Lagrangian L1 on the off-shell black hole solution can again
be carried out with the help of the conformal transformation to the conical space. Using
(A.9) one can write the following relation
L1 = e−2σL1(Cα)− 1
24π
(
Rσ − (∇σ)2 + (2Kσ + 3σ,µnµ)δ(r, rB)
)
(8.4)
between L1 and the Lagrangian L1(Cα) on a unit cone Cα valid in the region outside the
horizon. Here δ(r, rB) is the invariant delta function which is included to reproduce the
surface terms on the external boundary in the action. The factor σ is given by Eq.(3.14).
Note that the terms in Eq.(A.9) which are determined by the value of the conformal
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parameter σ on the cone apex do not contribute to W V C1 in Eq.(8.4).
To find L1(Cα) one can use the Sommerfeld representation for the heat kernel
Kα(x, x
′) = < x|es△|x′ > of the Laplace operator on the conical space (6.3)
Kα(x, x
′, τ˜ − τ˜ ′) = K(x, x′, τ˜ − τ˜ ′) + i
4πα
∫
Γ
cot
(
w
2α
)
K(x, x′, τ˜ − τ˜ ′ + w)dw (8.5)
relating it to the heat kernelK(x, x′, τ˜−τ˜ ′) on a unit diskD2. Here the integration contour
Γ lies in the complex plane and consists of two curves, going from ∓π − (τ˜ − τ˜ ′)± i∞ to
∓π−(τ˜−τ˜ ′)±i∞ and intersecting the real axis between the poles of the integrand−2πα, 0
and 2πα. A derivation and discussion of this formula can be found in [54, 55, 56, 57].
The Lagrange density on a cone can be easily calculated if one substitutes (8.5) in (8.3).
The result has a simple form
L1(Cα) = L1(D2)− 1
24πx2
(
1
α2
− 1
)
. (8.6)
Here L1(D2) is the Lagrange density on the unit disk D2. In what follows we omit L1(D2)
which results in an irrelevant constant in W V C1 . The second term, vanishing at α = 1,
arises as the result of integration in Eq.(8.5). In the calculations the integral over s is
taken first and then the formula
i
8πα
∫
Γ
cot (w/2α)
sin2w/2
dw =
1
6
(
1
α2
− 1
)
(8.7)
is used.
Let W V C1 [Cα] be the effective action on a cone Cα obtained by the integration of
Eq.(8.6) till the point x = ǫx. As earlier ǫx is related with the invariant distance ǫ to the
horizon by Eq. (5.3). This functional reads
W V C1 [Cα] =
1
12
(
α− 1
α
)
ln ǫ−1x . (8.8)
Then, by using the Eqs. (8.6) and (5.3), one can write the complete effective action in
the volume cut-off method as
W V C1 (β, rB, r+, ǫ) =W
V C
1 [Cα]−
1
24π
(∫
MB,ǫ
(Rσ − (∇σ)2) +
∫
ΣB
(2Kσ + 3σ,µn
µ)
)
.(8.9)
So eventually we have
W V C1 (β, rB, r+, ǫ) = W˜
V C
1 (β, α(β, rB, r+), y(rB, r+), ǫ) ,
W˜ V C1 (β, α, y, ǫ) =
1
12
(
α− 1
α
)(
ln
µ
ǫ
− ln 2πµα
β
− 1
2
ln y − 1
2
+
1
2y
)
(8.10)
+
α
48π
(
−2
y
+ 2 ln y − 2y − 13y2 + 17 + 8 ln 2πµα
β
)
+ o(ǫ) .
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When taken on-shell (α = 1) the divergence ln ǫ of this functional disappears and W˜ V C1
coincides with the action (3.17) on the regular space
W˜ V C1 (β, α = 1, y, ǫ) = W˜1(β, y) . (8.11)
The entropy SV C1 (β, α, y, ǫ) calculated from the action (8.10) reads
SV C1 (β, α, y, ǫ) =
1
12α
(
2 ln
µ
ǫ
+ 2 ln
β
2πα
− ln y − 1 + 1
y
)
. (8.12)
On-shell SV C1 differs from the conical-singularity entropy S
CS
1 only by a singular term
depending on ǫ
SV C1 (β, α = 1, y, ǫ) = S
CS
1 (β, α = 1, y) +
1
6
ln
µ
ǫ
. (8.13)
The entropy SV C1 can be also written as
SV C1 (β, α, y, ǫ) =
1
6α
ln ǫ−1x . (8.14)
So this quantity coincides with the entropy computed from the action W V C1 (Cα). The
coincidence takes place because the anomaly, which differsW V C1 (β, α, y, ǫ) fromW
V C
1 (Cα),
is proportional to β and does not contribute into SV C1 .
Another observation is that SV C1 coincides with the thermal entropy of the quantum
gas in the volume of the size ln ǫ−1x . The volume cut-off entropy does not contain the term
ln ln ǫ−1 which is present in the brick wall entropy SBW1 since the boundary condition on
the quantum field at Σǫ is not imposed, and the field can freely fluctuate on this boundary,
see Appendix C.
9 Off-Shell versus On-Shell
9.1 Off-Shell and On-Shell Effective Actions
In this Section we discuss and compare the results of the off-shell and on-shell calcu-
lations of the thermodynamical characteristics of a black hole. We begin by discussing
the obtained results for the effective action. It is convenient to introduce the following
notation
U(β, α, y) = −1
6
ln
[
β
2πµ
]
+
1
48
[
−2
y
+ 2 ln y + 17− 2y − 13y2
]
+
α− 1
48α
(
2
y
− 2 ln y − 2 + 15α− 2αy − 13αy2
)
(9.1)
− (α− 1)
2
12α
ln
[
β
2πµ
]
+
(
α +
1
α
)
lnα .
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Then the one-loop contributions to the effective action calculated by different off-shell
methods can be presented in the following form
W˜CS1 (β, α, y) = U(β, α, y) + C(α) , (9.2)
W˜BW1 (β, α, y, ǫ) = U(β, α, y) +
1
12
(
α +
1
α
)
ln
(
ǫ
µ
)
− 1
2
ln
πα
ln (β/2παǫ)
, (9.3)
W˜BC1 (β, α, y, η) = U(β, α, y)+
(α− 1)2
12α
ln
[
ηβ
2παµ
]
+
α− 1
24
lnα− α− 5
4
+C , (9.4)
W˜ V C1 (β, α, y, ǫ) = U(β, α, y)−
1
12
(
α− 1
α
)
ln
ǫ
µ
. (9.5)
Here we again use the notations y = r+/rB and α(β, rB, r+) = β/
(
4πr+
√
1− r+/rB
)
.
The constants C and C(α) which enter these relations are the effective actions W1 =
1
2
ln det(−µ2△) on the unit disk D2 and on the unit cone Cα respectively.
In the same notations the on-shell one-loop effective action is
W˜1(β, y) = U(β, α = 1, y) + C . (9.6)
A simple comparison of Eqs.(9.3) and (9.4) with Eq.(9.6) shows that
W˜CS1 (β, α = 1, y) = W˜
BC
1 (β, α = 1, y, η) = W˜
V C
1 (β, α = 1, y, ǫ) = W˜1(β, y) . (9.7)
In other words the on-shell values of the one-loop effective actions calculated by conical
singularity, blunt cone, and volume cut-off methods coincide with the on-shell one-loop
effective action W˜1(β, y). W˜
CS
1 is always finite, while W˜
BC
1 and W˜
V C
1 are finite (i.e., do
not contain either ln η or ln ǫ divergence) only on shell (for α = 1). The only divergent
on-shell quantity is the brick wall effective action W˜BW1 .
The relation (9.3) can be interpreted in the following way. Let us remind that the
effective action WCS1 has been computed by the conformal map onto the cone Cα, (see
Eq.(6.3)). So WCS1 is defined up to addition of the action W1[Cα] = C(α). Alternatively,
one could use the map onto a cone Cα,ǫ with the size ǫ. The results of two computations
can be compared by using the difference between W1[Cα] and W1[Cα,ǫ]. This difference
can be easily found because both cones are related by the trivial rescaling:
ds2(Cα) =
(
µ
ǫ
)2
ds2(Cα,ǫ) . (9.8)
Then Eq.(A.9) gives
W1[Cα] =W1[Cα,ǫ] +
1
12
(
1
α
+ α
)
ln
ǫ
µ
. (9.9)
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It enables one to represent the result (9.3) as
WBW1 (β, α, y, ǫ) = W
CS
1 (β, α, y)−W1[Cα,ǫ] +WCAS1 (β, α, ǫ) , (9.10)
where
WCAS1 (β, α, ǫ) = −
1
2
ln
πα
ln (β/2παǫ)
(9.11)
is the contribution due to the Casimir effect. The detail discussion of this term and its
relation to the brick-wall boundary conditions is given in the Appendix C.
9.2 Why the on-shell and off-shell one-loop contributions to the
entropy are different
The equality (9.7) of all (except brick wall) off-shell effective actions and the on-shell
effective action does not guarantee that the same is true for the corresponding values of
entropy. Moreover, as we shall see all the off-shell calculations give the results for the
entropy which differ from the on-shell result. Before giving the concrete relations between
these quantities let us discuss why it happens.
Our starting point in the off-shell calculations is the one-loop action W •1 which is the
function of the parameters β, rB, and r+. In the ’brick wall’ and volume cut-off approaches
it also depends on the additional parameter ǫ, and on ǫ and η in the blunt cone method.
The dependence on these additional parameters is not important at the moment, so we
will not indicate it explicitly. The quantities β and rB are external parameters fixing the
problem and r+ is determined on-shell in terms of them by the condition
α(β, rB, r+) =
β
4πr+
√
1− r+/rB
= 1 (9.12)
Consider first cone-singularity, blunt cone, and volume cut-off methods for which the
effective actions, when taken on shell (9.12), coincide with the thermodynamical action
W1(β, rB) given by Eqs.(3.16) and (3.17)
W •1 (β, rB, r+)|α=1 =W1(β, rB) . (9.13)
Here the symbol • replaces CS, BC and VC notations. The thermodynamical entropy
STD1 is defined by Eq.(3.19)
STD1 = β
∂W1(β, rB)
∂β
∣∣∣∣∣
rB
−W1(β, rB) , (9.14)
while the off-shell entropy S•1 is defined by Eq.(4.1)
S •1 = β
∂W •1 (β, rB, r+)
∂β
∣∣∣∣∣
rB,r+
−W •1 (β, rB, r+) . (9.15)
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Note that in the calculation of S •1 the parameter r+ is assumed to be fixed. This results
in the difference ∆S • between two entropies
∆S • = STD1 − S •1 = β
(
∂
∂β
W1(β, rB)− ∂
∂β
W •1 (β, rB, r+)
)∣∣∣∣∣
α=1
. (9.16)
Together with the Eq.(9.13) it gives
∆S • = β

∂r+
∂β
∂W •1
∂r+
∣∣∣∣∣
β,rB


α=1
(9.17)
which, obviously, is non zero quantity. This shows why in the general case the one-loop
contribution to the black hole entropy found by an off-shell procedure differs from the
contribution inferred in the thermodynamical computation, based on the on-shell action.
9.3 Relations between off-shell and on-shell entropies
We obtain now explicit formulas relating different off-shell entropies. As earlier we assume
that after the calculations of the entropy the limit α = 1 is taken. The calculated entropies
are always understood as the function of the parameters β, rB characterizing the system.
For simplicity we omit these arguments. Note also, that the effective actions contain an
arbitrary constants, which we denoted as C and C(α). It is evident that similar constants
enter also the expressions for the entropies. We indicated these constants explicitly earlier
in the expressions for the entropies. They may be important for the discussion of the
questions connected with the third law of black-hole thermodynamics. But they are not
important for us now. For this reason in order to simplify the expressions we simply omit
them from now on. We also omit the terms which vanish when the additional parameters
(such as ǫ and η) take their limiting value (ǫ = 0 and η = 0).
It is convenient to begin with the entropy SCS1 calculated by the conical singularity
method. It is obtained from the effective action WCS1 given by (9.2) with C(α = 1) = 0,
or what is equivalent from U , given by Eq.(9.1)
SCS1 =
1
12
(
1
y
− 1− ln y + 2 ln β
2πµ
)
. (9.18)
Let us denote
ST1 (ǫ) =
1
6
ln
µ
ǫ
, SCAS1 (ǫ) =
1
2
ln
π
ln β
2πǫ
. (9.19)
Then the results of the previous sections can be summarized as follows
SBW1 = S
CS
1 + S
T
1 + S
CAS
1 , (9.20)
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SV C1 = S
CS
1 + S
T
1 , (9.21)
SBC1 = S
CS
1 . (9.22)
Thus, the blunt cone and conical singularity methods give the same finite result for the
entropy, while the brick wall and volume cut-off methods give expressions containing
(ln ǫ)-divergence. The difference SCAS1 between S
BW
1 and S
V C
1 occurs because the different
boundary conditions in these methods are imposed. All the above off-shell expressions for
the entropy differ from the one-loop contribution STD1 to the thermodynamical entropy
given by Eq.(3.22). The latter can be presented as
STD1 = S
CS
1 +∆S, (9.23)
where
∆S ≡ β

∂r+
∂β
∂WCS1
∂r+
∣∣∣∣∣
β,rB


α=1
=
1
48(2− 3y)(−14+26y−28y
2+13y3)+
1
24
ln y.(9.24)
The relation (9.20) can be rewritten in a different form which is more convenient for
interpretation. Note that according to Eqs.(5.16),(5.17) and (5.21)
SBW1 = −Tr
(
ρˆHǫ (β) ln ρˆ
H
ǫ (β)
)
. (9.25)
On the other hand ST1 + S
CAS
1 can be identically rewritten as
ST1 + S
CAS
1 = S
R
ǫ (2πµ) = −Tr
(
ρˆRǫ (2πµ) ln ρˆ
R
ǫ (2πµ)
)
. (9.26)
That is this expression coincides with the entropy of a massless thermal radiation in
the Rindler space between two mirrors located at the proper distances ǫ and µ from the
horizon. The temperature of the radiation measured at the distance µ from the horizon
is 1/(2πµ). Thus we have
SCS1 = −
[
Tr
(
ρˆHǫ (β) ln ρˆ
H
ǫ (β)
)
− Tr
(
ρˆRǫ (2πµ) ln ρˆ
R
ǫ (2πµ)
)]
. (9.27)
It is easy to verify that the same relation is valid also if the inner mirror-like boundary (at
ǫ) is absent provided the quantities in the right-hand side are defined by using the volume
cut-off method. For both brick wall and volume cut-off methods each of the terms in the
right-hand side of Eq.(9.27) is divergent as ǫ → 0, while the difference remains finite in
this limit. If we formally define the density matrices ρˆH(β) and ρˆR(2πµ) on the black-hole
and Rindler backgrounds as the limits
ρˆH(β) = lim
ǫ→0
ρˆHǫ (β) , ρˆ
R(2πµ) = lim
ǫ→0
ρˆRǫ (2πµ) (9.28)
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then for both volume cut-off and brick wall methods, we have
SCS1 (β, α = 1, y) = −
[
Tr
(
ρˆH(β) ln ρˆH(β)
)
− Tr
(
ρˆR(2πµ) ln ρˆR(2πµ)
)]
. (9.29)
Using Eq.(9.23) we finally get
STD1 = −
[
Tr
(
ρˆH(β) ln ρˆH(β)
)
− Tr
(
ρˆR(2πµ) ln ρˆR(2πµ)
)]
+∆S. (9.30)
This relation indicates that the one loop correction to the thermodynamical entropy can
be obtained from the statistical-mechanical black hole entropy by the following procedure.
First one needs to subtract the Rindler entropy which removes the divergence, and then
add a finite correction △S. In the next section we show that the second term ∆S coin-
cides with the change of the classical Bekenstein-Hawking entropy due to the quantum
deformation of the background geometry.
It is worth mentioning that a similar subtraction procedure naturally arises in the
membrane paradigm[60]. Namely, in order to obtain the correct expression for the flux
of the entropy onto a black hole, Thorne and Zurek[59, 60] proposed to subtract from
the entropy, calculated by a statistical-mechanical method, the entropy of a thermal
atmosphere of the black hole. The later entropy close to the horizon coincides with
SSMRindler. Eq.(9.30) can be used to prove this conjecture. However, it should be stressed
that Thorne and Zurek did not consider quantum corrections to the entropy discussed
in the present paper. Eq.(9.30) not only explains how the volume infinities in SSM are
separated, but also gives an exact dependence of the quantum corrections to the entropy
on physical characteristics.
9.4 Entropy and backreaction effects
The thermodynamical entropy of a black hole with quantum one-loop corrections is
STD = SBH(r+) + S
TD
1 , (9.31)
where SBH(r+) = πr
2
+ is the Bekenstein-Hawking entropy. As the result of quantum
effects a ’real’ solution (γ¯, r¯) including quantum corrections is different from the classical
Schwarzschild solution (γ, r) [61]. In particular the value r¯+ of the dilaton field at the
horizon of γ¯ differs from its classical value r+. We demonstrate now that Eq.(9.31) can
be identically rewritten as
STD = πr¯2+ + S
CS
1 . (9.32)
A first step in the proof is to obtain an equation which determines r¯+. For given
boundary conditions (β, rB) the extremum of the Euclidean effective action W defines a
regular quantum solution. This solution can be obtained by solving the field equations
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δW/δγ¯ = δW/δr¯ = 0 and fixing an arbitrary constant which enters the solution by the
regularity condition on the horizon. This determines r¯+ as a function of (β, rB): r¯+ =
r¯+(β, rB). For any other choice of the constant the solution has a cone-like singularity. We
call such a singular solution a quantum singular instanton. It obeys local field equations
but does not provide a global extremum for W . The quantum singular instanton is
specified by (β, rB) and an arbitrary parameter r¯+. We write the solution as (γ¯(r¯+), r¯(r¯+)).
The effective action W (β, rB, r¯+) calculated on the quantum singular instanton is
W (β, rB, r¯+) ≡W [β, rB, γ¯(r¯+), r¯(r¯+)] =
I[β, rB, γ¯(r¯+), r¯(r¯+)] +W
CS
1 [β, rB, γ¯(r¯+), r¯(r¯+)] . (9.33)
The condition of the global extremality of W
∂W (β, rB, r+)
∂r+
= 0 (9.34)
determines the horizon radius r¯+ = r¯+(β, rB) for the regular quantum instanton.
In the calculations we keep only terms up to the first order in h¯. For this reason
we can replace WCS1 [β, rB, γ¯(r¯+), r¯(r¯+)] in the right-hand side of Eq.(9.33) by its value
calculated on the classical singular instanton WCS1 [β, rB, γ(r¯+), r(r¯+)]. What is much less
trivial, we can also replace (γ¯(r¯+), r¯(r¯+)) in the classical action I in (9.33) by the solution
(γ(r¯+), r(r¯+)) for a classical singular instanton provided the value of the dilaton field r¯+
on the horizon is preserved the same. To show this, consider the general variation of the
classical action I given by Eq. (3.1). For fixed rB and β we have
I[β, rB, γ¯, r¯] = I[β, rB, γ, r] +
∫  δI
δγab
∣∣∣∣∣
γab
(γ¯ab − γab) + δI
δr
δr


+ r,µn
µ|r=r+δr+ − 2π(1− α)r+δr+ +O(h¯2) . (9.35)
We assume that the value of the dilaton field on the cone singularity is r+, and denote
by 2π(1 − α) the corresponding deficit angle which is defined by (γ, r) at r+ [58]. The
relation (9.35) shows that when the value r+ for γ and γ¯ is the same, and (γ, r) is a
solution of classical equations ( δI/δγab = 0, δI/δr = 0) the value of the classical action
calculated on (γ¯, r¯) differs from the classical value I[β, rB, γ, r] only by terms of the order
O(h¯2). That is why we can replace I[β, rB, γ¯(r¯+), r¯(r¯+)] in Eq.(9.33) by I(β, rB, r+), the
value of I calculated on the classical singular instanton. The latter can be easily found
I(β, rB, r+) = βE(rB, r+)− πr2+ , E(rB, r+) ≡ rB
(
1− (1− r+/rB)1/2
)
, (9.36)
where E is a quasilocal energy [7, 53].
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The equation (9.34) which defines the ’position’ r¯+ of the quantum horizon can be
written as
∂WCS1 (β, rB, r+)
∂r+
= −2πr¯+(α¯− 1) . (9.37)
Here α = α(β, rB, r+) = β[4πr+
√
1− r+/rB]−1, and α¯ is the value of the classical off-shell
parameter α calculated for r+ = r¯+. For the classical regular instanton α = 1. It means
that up to the second order in h¯ we can write
2πr¯+(α¯− 1) = 2πr+
(
∂α
∂r+
)
α=1
∆r+. (9.38)
Here ∆r+ = r¯+ − r+ is the change of the ’position’ of the black hole horizon because of
the quantum corrections. Using the explicit expression for α it is easy to show that
(
∂α
∂r+
)
α=1
= −
[
β
∂r+
∂β
]−1
α=1
. (9.39)
The latter relation allows one to write
2πr+∆r+ = β
[
∂r+
∂β
∂WCS1
∂r+
]
α=1
, (9.40)
and hence using Eq.(9.24) one gets
∆S = 2πr+∆r+ . (9.41)
Therefore, up to the terms O(h¯2) the quantity ∆S can be represented as the difference
∆S = SBH(r¯+)− SBH(r+). On the other hand, taking into account (9.23), we can write
the thermodynamical entropy given by Eq.(9.31) as the sum STD = SBH(r+)+△S+SCS1 .
These equalities prove the desired relation (9.32).
10 Summary and Conclusions
Discuss now some lessons we have learned by comparing on-shell results with the re-
sults of the different off-shell methods in black hole thermodynamics. First of all direct
calculations demonstrate that the thermodynamical entropy of a black hole STD deter-
mined by the response of the free energy to the change of the temperature, and the
statistical-mechanical entropy SSM , defined as SSM = −Tr(ρˆH ln ρˆH) for density matrix
ρˆH of black-hole internal degrees of freedom, are different. The thermodynamical entropy,
besides the tree-level Bekenstein-Hawking part SBH = A/4 contains also finite quantum
one-loop correction STD1 . The latter can be obtained from the on-shell effective action.
The statistical-mechanical entropy SSM is defined as a one-loop quantity, and it requires
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an off-shell procedure for its calculation. SSM can be identified with the volume-cut-off
entropy SV C1 . Then it contains the divergence (ln ǫ) where ǫ is a proper-distance cut-off of
the volume integration, required to make this quantity finite. This leading logarithmical
part of SSM also presents in the brick-wall model, but generally due to the Casimir effect,
SBW1 has the additional divergence (ln | ln ǫ|).
The physical reason why STD and SSM are different is connected with a special prop-
erty of a black hole as a thermodynamical system[12]. Namely, the internal degrees of
freedom of a black hole are defined as excitations propagating on the back-ground geom-
etry. This geometry is uniquely determined by the mass parameter, which in the state of
thermal equilibrium is a function of the external temperature. For this reason, to find STD1
one must change the temperature. This results in the change of Hamiltonian, describing
these internal excitations. On the other hand, in the calculations of SSM the black hole
mass and the Hamiltonian are to be fixed.
We proved that the thermodynamical entropy of a black hole can be presented in the
form
STD = SBH(r¯+) +
[
SSM − SSMRindler
]
. (10.1)
SBH(r¯+) = πr¯
2
+ is the Bekenstein-Hawking entropy, and r¯+ is the ’radius’ of the horizon
of a ’quantum’ black hole. The term in the square brackets is the difference between the
statistical-mechanical entropies calculated for a black hole
[
SSM = −Tr
(
ρˆH(β) ln ρˆH(β)
)]
and for a Rindler space
[
SSMRindler = −Tr
(
ρˆR(2πµ) ln ρˆR(2πµ)
)]
. This subtraction proce-
dure automatically removes all the divergences from SSM and results in an invariant
regularization-independent quantity.
We proved the relation (10.1) by explicit calculations in 2-D case, but it seems to
be of the general nature and it (or its generalization) must be valid in the 4-D case.
The reason is that the on-shell renormalized quantity STD is always finite, so that the
subtraction terms in Eq.(10.1) will always be of the form, required for the complete
cancellation of the volume divergences of SSM [12]. One of the possible ways to derive
in four dimensions the relation analogous to Eq.(10.1) is to use an optical metric, where
the required subtraction terms can be calculated by using high-temperature expansion.
For this reason, the coefficients, which enter the subtraction terms with different order of
singularity in ǫ must be connected with the Schwinger-DeWitt coefficients.
A remarkable property of the conical singularity method is that (at least in 2-D case)
it gives the finite result immediately
SCS1 = S
SM − SSMRindler. (10.2)
The mathematical reason why SCS1 is finite while S
V C
1 contains volume (ln ǫ) divergence
is connected with the difference of the topologies of the manifolds used to calculate the
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corresponding effective actions. For SV C1 the standard manifold has the topology of a
cylinder (or a ring), while in for SCS1 the topology is of D
2, i.e. the same as the topology
of the Gibbons-Hawking instanton. The mathematical operation when one cuts a small
disk of the radius ǫ, from the standard unit disk D2 to transform it into a ring, can be
interpreted as the subtraction of an entanglement entropy[63, 64, 27, 31, 65] SSMRindler =
−Tr(ρˆR ln ρˆR).
We stress once again that in our approach all the renormalizations are to be done from
the very beginning so that only observable finite coupling constants enter the results. We
demonstrated that some of the off-shell methods require an additional cut-off parameter
which we denoted by ǫ. This cut-off parameter is completely independent from the ul-
traviolet cut-off δ, see Eqs.(3.9) and (6.1). Moreover the parameter ǫ enters only some
intermediate quantities and never appears in the final observable results. We demon-
strated explicitly that quantum corrections to the physically observable quantities can be
always obtained by working only with on-shell quantities. As the result, for a black hole of
a mass much greater than the Planckian mass the quantum corrections to observables are
small and independent of the physics at Planckian scales. This differs on-shell quantities
from the off-shell ones, such as SSM .
There remains one more general question to be clarified. All the observables charac-
terizing a black hole in a thermal equilibrium, or its slow transition from one equilibrium
state to another can be found by using only on-shell quantities. Why at all does one need
to use off-shell methods in the black hole thermodynamics? We have already seen that
one of the reasons is the desire to establish a relation between statistical-mechanical and
thermodynamical entropies. In this sense, the off-shell methods can be considered as a
useful tool for calculation and interpretation of the on-shell quantities. But we believe
that beside this trivial reason there may exist another more deep one. The off-shell ap-
proaches may also be relevant for description of non-equilibrium processes in a system
including a black hole. In this case quantum and thermal fluctuations of a thermodynam-
ical system can be described by introducing stochastic noise[66], which effectively takes a
system off-shell. For this reason one may guess that such processes, for instance, as tran-
sition to a thermal equilibrium of a black hole initially exited by high energy explosion
near its horizon may require for their consideration some of the above mentioned off-shell
characteristics.
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A Conformal transformations of the effective action
in two dimensions
For completeness we derive in this Appendix the conformal transformations for the effec-
tive action
W1[γ] =
1
2
ln det[−△] = −1
2
∫ ∞
0
ds
s
Tr(es△) (A.1)
defined on a 2-D Euclidean manifold Mα with the boundary ∂Mα and a point xs where
Mα has the conical singularity with the deficit angle 2π(1 − α). We will follow the
method developed in [62] and use for this aim the dimensional regularization. Consider
the effective actionW1 for the conformally invariant operatorD = △−(d−2)(4(d−1))−1R
in a d-dimensional space. The divergent partW div1 ofW1 can be found from the asymptotic
heat kernel expansion
Tr(esD) =
1
(4πs)d/2
∞∑
n=0,1/2,..
a(d)n s
n . (A.2)
In 2-dimensional case for the dimensional regularization
W div1 =
1
d− 2
a
(d)
1
4π
, (A.3)
where for an arbitrary α [41, 42]
a
(d)
1 =
(
1
6
− d− 2
4(d− 1)
)∫
Mα
R +
π
3
(
1
α
− α
) ∫
Σ
+
1
3
∫
∂Mα
k . (A.4)
In Eq.(A.4) the singular point xs is replaced by a singular surface Σ of the dimension d−2
and the integral of the scalar curvature R is taken over the regular part of Mα. k is the
second fundamental form of the spatial boundary ∂Mα defined in terms of its normal as
k = ∇µnµ.
The renormalized action is defined as the difference of the non-renormalized (bare)
action W bare1 and its divergent part W
div
1
W1 = W
bare
1 −W div1 . (A.5)
Under conformal transformation γ˜µν = e
−2σγµν of the metric on Mα the renormalized
action changes as[62]
W1(γ˜)−W1(γ) = 1
4π
lim
d→2
1
2− d
(
a
(d)
1 (γ˜)− a(d)1 (γ)
)
. (A.6)
Further we will consider only those transformations which do not ”squash” the conical
singularity. Then, by making use of the following relations
R˜ = e2σ [R + (d− 1)(2△σ + (2− d)σ,ασ,α)] , (A.7)
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k˜ = eσ(k − (d− 1)σ,µnµ) (A.8)
one gets from (A.6)
W (γ˜)−W (γ) = 1
24π
[∫
Mα
(
Rσ − (∇σ)2
)
+
∫
∂Mα
(2kσ + 3σ,µn
µ)
]
+
1
12
(
1
α
− α
)
σ(xs) . (A.9)
This is the desired conformal transformation of the effective action where σ(xs) is the
value of the conformal factor in the point of conical singularity. If the manifold has a
number of conical singularities in points xs with different deficits 2π(1 − αs), then the
last term in the right-hand side of (A.9) must be replaced by the corresponding sum over
all xs. If the manifold does not have conical singularities the last term in (A.9) vanishes
(α = 1). Equation (A.9) can be also represented in the another equivalent form which
sometimes is more convenient
W (γ˜)−W (γ) = 1
48π
∫
Mα
d2x σ
(
γ˜1/2R˜ + γ1/2R
)
+
1
24π
∫
∂Mα
dx σ
(
h˜1/2k˜ + h1/2k
)
(A.10)
− 1
8π
∫
∂Mα
dx
(
h˜1/2k˜ − h1/2k
)
+
1
12
(
1
α
− α
)
σ(xs) .
Here
h1/2k − h˜1/2k˜ = h1/2nα∂ασ
and the conformal factor σ should be understood as a solution of the equation
−2γ1/2✷σ = γ1/2R− γ˜1/2R˜ .
B Effective Action and Free Energy of a Scalar Field
in Two Dimensions
Let us consider a conformal scalar field φ on a two-dimensional manifold. The two-
dimensional metric is supposed to be independent on the Euclidean time. It can be
represented in the form
ds2 = exp[2σ(x)]
{
dτ 2 + dx2
}
, 0 ≤ τ ≤ β , x0 ≤ x ≤ x1 . (B.1)
The conformal scalar field φ satisfies the equation
△φ = exp[−2σ(x)]
{
∂2
∂τ 2
+
∂2
∂x2
}
φ = 0. (B.2)
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For simplicity we consider the problem with the Dirichlet boundary conditions φ(x0) =
φ(x1) = 0.
Using the conformal transformation of the effective action (see appendix A), we can
reduce the problem of calculation of the effective action on the manifold (B.1) to a calcu-
lation of the effective action on a cylinder Q with period in Euclidean time β and length
L = x1 − x0. The one-loop effective action on a cylinder WQ1 (β, L) can be written in the
form
WQ1 (β, L) =
1
2
ln det(−µ2△) = −1
2
ζ ′(0) +
1
2
ζ(0) lnµ2 = −1
2
[
∂
∂z
∑
λ
(
µ2λ
)−z]
z=0
.
Here µ is an arbitrary parameter with a dimensionality of length and the generalized ζ-
function ζ(z) =
∑
λ[µ
2λ]−z represents the sum over all eigen values λ of the operator −△.
Although the effective action is determined up to the rescaling of the parameter µ all the
physical observables are unambiguously defined. For the Dirichlet boundary conditions
the substitution of the eigen values λmn = (
2π
β
)2n2 + ( π
L
)2m2 of the Laplace operator on
the cylinder leads to the relation
WQ1 (β, L) = −
1
2

 ∂∂z
∞∑
m=1
∞∑
n=−∞
[
µ2
(
4π2
β2
n2 +
π2
L2
m2
)]−z

z=0
(B.3)
= −1
2

 ∂∂z
∞∏
m=1
∞∏
n=−∞
(
2πµ
β
n
)−2z (
1 +
β
2L2
m2
n2
)−z

z=0
.
Applying the formula
∞∏
n=1
(
1 +
a2
n2
)
=
sinh πa
πa
(B.4)
and representing other infinite sums and products in terms of the Riemann ζ-function we
eventually have
WQ1 (β, L) = βF −
πβ
24L
, (B.5)
where
βF =
∞∑
n=1
ln
(
1− exp
[
−β π
L
n
])
. (B.6)
We demonstrate now that F coincides with the thermodynamical free energy of a gas of
scalar particles in the volume L. In statistical mechanics the free energy F of a quantum
system is defined by a relation
exp[−βF ] = Tr exp[−β : Hˆ :] . (B.7)
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If we choose the basis functions to be eigen-functions of the Hamiltonian Hˆ =
√
−∂2x, the
free energy can be expressed in terms of a sum over all dynamical degrees of freedom
βF =∑
n
ln
(
1− e−βωn
)
, (B.8)
where β is an inverse temperature, ωn are the energy levels of the quantum system. Thus
we are to know only the spectrum of the system to calculate the free energy. One can
easily solve the Eq.(B.2) and find the energy levels of the system
ωn =
π
L
n, L = x1 − x0
Note that the mode with n = 0 should be eliminated from the summation in Eq.(B.8),
since its amplitude is fixed by the Dirichlet boundary conditions and, hence, it is not
normalizable and is not a dynamical degree of freedom. (For the Neumann boundary
conditions zero modes will contribute to the free energy.)
Thus for the Dirichlet boundary conditions the free energy F reads
F = 1
β
∞∑
n=1
ln
(
1− exp
[
−β π
L
n
])
,
which coincides with Eq.(B.6).
Now let us calculate F in the high temperature limit, i. e. when the length of the
cylinder L is much larger that its perimeter β. In this limit the distance between the
levels is less than temperature π
L
≪ 1
β
and the sum over n can be estimated using the
Euler-McLourain formula
∞∑
n=1
f(n) =
∫ ∞
0
dxf(x)−
∫ 1
0
dxf(x) +
1
2
f(1) +
∞∑
k=1
ckf
(k)(1) .
Here the coefficients ck can be expressed in terms of Bernouli numbers
ck = (−1)k Bk+1
(k + 1)!
and the function f(x) is supposed to decrease at infinity together with all its derivatives.
Substituting here the function f(x) = ln[1 − exp(−sx)] and taking into account the
relation
ln Γ(z) = (z − 1
2
) ln(z)− z + 1
2
ln(2π) +
∞∑
m=1
B2m
(2m)(2m− 1)z2m−1 ,
| arg z | < π
one can prove that
∞∑
n=1
ln (1− exp [−sn]) = −π
2
6s
− 1
2
ln
[
s
2π
]
+
1
24
s+ o(s) . (B.9)
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For the free energy it leads to a formula
βF = −πL
6β
− 1
2
ln
β
2L
+
πβ
24 L
+ o(
β
L
) , (B.10)
and hence the effective action reads
WQ1 = −
πL
6β
− 1
2
ln
β
2L
+ o(
β
L
) . (B.11)
It can be shown that o(β/L) is nonanalytical in its argument and tends to zero extremely
fast when β ≤ L.
Note that by construction βF for a conformal fields is conformally invariant, since the
spectrum is conformally invariant. This property distinguishes it from an Euclidean effec-
tive action W1 which transforms inhomogeneously under the conformal transformations
because of the conformal anomaly. Note that the renormalized effective action WQ1 (β, L)
and βF differ only by the term linear in β [67, 68].
C Casimir effect and field fluctuations near the brick-
wall boundary
In this Appendix we present a more detail discussion of the field fluctuations on the
boundary near the horizon and their relation with the Casimir effect which inevitably
arises in the brick-wall approach. Instead of the black hole background we consider the
quantum field in the Rindler space at the inverse temperature 2πα measured at the point
x = 1, we put µ = 1 . This simplification is justified by the fact that we are interested
in the effects which happen very close to the horizon where the space is similar to a cone
(6.3).
Assume that the brick wall is at the point x = ǫ in coordinates (6.3). The brick wall
effective action in this case is the action on the part Kα,ǫ of the cone Cα, see Fig. 7.
Then, as follows from (5.6), (5.7) and (9.9), the analog of the Eq. (9.10) for the cone
WBW1 (α, ǫ) = W1[Kα,ǫ] =W1[Cα]−W1[Cα,ǫ]−WCAS1 (2πα, α, ǫ) , (C.1)
WCAS1 (2πα, α, ǫ) =
1
2
ln
πα
ln ǫ−1
.
Our aim now is to understand how the presence of the Casimir term WCAS1 (2πα, α, ǫ)
is related with the quantum fluctuations near the point x = ǫ. This can be done by
analysing the path integral representation for the partition function on Cα
Z1[Cα] = e
−W1[Cα] =
∫
[Dφ] e−I[φ] =
∫
[Dφ] exp
(
−1
2
∫
φ,µφ
,µ
)
. (C.2)
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Here one can divide the variables into three groups
Z1[Cα] =
∫
[Dφ1] [Dψ] [Dφ2] e
−I[φ] (C.3)
where φ1 and φ2 are the fields in the domain x < ǫ and x > ǫ respectively, and ψ =
φ(x = ǫ). In the each of the regions one can change the fields as
φk = φ
′
k + χk , (C.4)
△ χk = 0 , χk(x = ǫ) = ψ , k = 1, 2 , χ2(x = 1) = 0 . (C.5)
The new variables φ′k satisfy the Dirichlet conditions on the boundaries of their domains.
Using this fact and that the fields χk are harmonic, one can represent the classical action
in the following way
I[φ1 + φ2] = I[φ
′
1] + I[φ
′
2] +W[ψ] (C.6)
where W[ψ] = I[χ1] + I[χ2] for χ1(x = ǫ) = χ2(x = ǫ) = ψ. The partition function
(C.3) is represented now in the form where contributions from the fields φ1, φ2 and χ are
completely factorized
Z1[Cα] =
∫
[Dφ′1] e
−I[φ′
1
]
∫
[Dψ] e−
∫
W [ψ]
∫
[Dφ′2] e
−I[φ′
2
]
= Z[Cα,ǫ]Z[Kα,ǫ]
∫
[Dψ] e−
∫
W [ψ] . (C.7)
The first multiplier in (C.7) is the partition function on a cone of the small radius ǫ, the
second one is the partition function on the space Kα,ǫ, which is determined by the brick
wall action WBW1 (α, ǫ)
Z[Kα,ǫ] = e
−W1[Kα,ǫ] = e−W
BW
1
(α,ǫ) . (C.8)
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The left integral over ψ describes the quantum fluctuations of the field in the point
x = ǫ. Let us show that it reproduces explicitly the Casimir term in the effective action.
Indeed, Eqs. (C.5) have the following solutions
χ1(x, τ) =
√
1
πα
∞∑
n=1
(
ψ(1)n cos
nτ
α
+ ψ(2)n sin
nτ
α
)(
x
ǫ
)n
α
, (C.9)
χ2(x, τ) =
√
1
πα
∞∑
n=1
(
ψ(1)n cos
nτ
α
+ ψ(2)n sin
nτ
α
)(
ǫ
x
)n
α 1− x 2nα
1− ǫ 2nα +
ψ0√
2πα
lnx/ǫ (C.10)
where ψ(k)n , ψ0 are the Fourier coefficients of the field ψ on the boundary:
ψ(τ) =
√
1
πα
∞∑
n=1
(
ψ(1)n cos
nτ
α
+ ψ(2)n sin
nτ
α
)
+
ψ0√
2πα
(C.11)
defined with respect to the orthonormal basis on the circle 0 ≤ τ ≤ 2πα. This gives the
action up to the terms of O(ǫ) in the form
W[ψ] = I[χ1] + I[χ2] = 1
α
∞∑
n=1
[
(ψ(1)n )
2 + (ψ(2)n )
2
]
+
(
2 ln
1
ǫ
)−1
ψ20 +O(ǫ) . (C.12)
The integral over ψ has the Gaussian form and can be evaluated exactly. The integration
measure can be written up to a normalization numerical coefficients as
[Dψ] = ǫ1/2dψ0
∞∏
n=1
ǫ1/2dψ(1)n
∞∏
n=1
ǫ1/2dψ(1)n , (C.13)
where the multiplier ǫ1/2 is the heritage of the definition of the covariant measure which
includes the factor g1/4 at x = ǫ. Thus, the result of the integration over fields ψ looks as
∫
[Dψ] e−
∫
W [ψ] = N
(
ǫ ln
1
ǫ
) 1
2
exp
(
∞∑
n=1
ln(αǫ)
)
(C.14)
(N is the numerical constant) which after regularization of the infinite sum with the help
of the Riemann zeta-function ζR(z)
∞∑
n=1
= lim
z→0
∞∑
n=1
n−z = ζR(0) = −1
2
gives the Casimir term
∫
[Dψ] e−
∫
W [ψ] = N
(
ln ǫ−1
α
) 1
2
= N eWCAS1 (α,ǫ) . (C.15)
The Eqs. (C.7) and (C.15) result in the formula
e−W1[Cα] = Z1[Cα,ǫ]Z[Kα,ǫ]e
WCAS
1
(α,ǫ) = e−(W [Cα,ǫ]+W [Kα,ǫ]−W
CAS
1
(α,ǫ)) (C.16)
which, obviously, reproduces the relation (C.1) between the brick wall the actionWBW1 and
actionW1[Cα] on the the cone, which we obtained earlier by the conformal transformation.
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